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Assignment #2 Ex.1 Answer

Consider 2-dimensional sinusoidal wave signal
g.(x,y)=3cos (2mx-4my+mn/4)

Draw spectrum.
ga(x,y)=%(ej(2n(x_2y)+z) + ef(—ZR(x—ZJ’)—Z))
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Assignment #2 Ex.1 Answer

Consider 2-dimensional sinusoidal wave signal
g.(x,y)=3 cos (2mx-4my+rm/4)

lllustrate this wave assuming that its variables
arex, y.




Assignment #2 EX.2 Answer

Calculate a continuous signal which has
spectrums given by Fig. 1.

(a) ga(x,y)= 2cos (2 mt y)+cos(4mny)

(b) galx,y)= cos (4 rt x+2my—-)



Assignment #2 ExX.3 Answer

Perform discrete spatial Fourier transform of each
of the signals shown in Fig. 2.

(a) G(w]_, (Uz) 1+e — ] + e ]w2+e ](ZD'1+ZD'2)

J(@wi1+@2)

-4cos( )cos( 2~ 2
(b) G(w, wy)=1+e - jts e 2sz+e 3] @3
3@'2

=2 (cos( )cos(?@z))e 2

(c) G(wy, @,)=el®1 + 1 + e‘fwl =1+ 2cos(w,)




Assignment #2 Ex.4 Answer

When a real-valued 2-dimensional discrete signal
g(n,,n,) satisfies that g(n,,n,)=g(-n,,-n,), show that
its discrete spatial Fourier transform (DSFT)
G(w,,w,) is real-valued.
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Assignment #2 Ex.4 Answer

o0 o0
G(wl?wz) — Z Z ﬂ]_ n? e jwlnlp Jwang
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— q([}? D) + Z g(nl? 0)(8,}*w1ﬂl + e—,;-'wlﬁl) + Z (](0;. ng)(engng 4+ 6_'?w2n2)
ni=1 ne=1
j(winitwansg —j(w1n1+wang
+ g(n1,m2)( + e )
ni=1ne= 1

+ (](—'}'?..-1.?12)(€'j(w1n1+w2”2 _|_€—j(w1'n,1+wgng)

= ¢(0,0) + Z 2g(n1,0) cos(wing) + Z 2g(0, ng) cos(wsons)

n1=1 no=1

-+ Z Z 2(g(n1,n2) + g(—n1,n2)) cos(wing + wans)

ni=1ns=1



Assignment #2 Ex.5 Answer

Consider a 2-dimensional sinusoidal wave g_(x,y)=cos(2rmt x + 4 t
v). In order to satisfy the sampling theorem, we would like to
sample as follows:

8(ny,N,)=g,(x,y) [Xx=n;Tg;,y=n, Tg,.

Indicate the conditions for sampling intervals T; and T, to be
satisfied.

F51=i>2andF52=Ti>4

Tsq 52



Fast Fourier Transform (FFT)

 FFT is a fast calculation version of discrete
Fourier transform (DFT) .



Discrete Fourier Transform (DFT)

« DSFT with frequency discretization

. In case where g(ny,n,)N is defined in N1xNz, a finite
domain, i.d. 2-dimensional image.
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Thus the values of DFT are sampled ones of DSFT obtained
by the intervals uniform intervals of spectrum period/N:
and No.



Periodicity of DFT

k- a——"x“lf

IV -;:.':#1: — W :':1[ 1t II

G(k1,k2) = G(k1 + Ny, k2)
— G[fﬁl f{-’-z 5 :\sz

gini; ne) = .@’(”-1 + Ny, 'F"f-:s]

= g(ni,ne + Na)

« The number of independent points in both of
the spatial and frequency domains is N1xN2
and we assume their periodicity and perform
calculations.



Exercise Example

« 1 dimensional discrete signal of N points

-,

1L, n=U%": L1

1(] 'H—L._ L+1,--- ,N—1

R ZZ B PLTFOHWIZER L.
(a) =8 N =16 e luat N &8 DET =2 %t
(b) =3, M =6t & LC N X DET =3 &,

g(n) =

You can use a calculator to calculate amplitude.
Since (b) takes long time , please do (a).



Answer
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(a) L=3, N=16 (b) L=3, N=64

« The larger N, the more sufficient sampling density

« For Fourier image analysis, how to make sure to get
sufficient sampling density?



Fast Fourier Transform (FFT)

« FFT is to make DFT (a lot of computational
cost) faster.

« Without approximation error, it can perform
DFT strictly.

« The method which takes advantage of Matrix
deco)mposition method (decomposability of
DFT) .



Matrix Decomposition
(decomposability of DFT)

« Direct 2D DFT repeats N1xN2 DFT by N1xN2 times.

« In case of matrix decomposition, for horizontal row
data perform N1 1D DFT by N2 times, then for
column data perform N2 1D DFT by N1 times.

I{i“ . fJJ Nl o ]_}:.ru {U : UJ _"“;r] o ]}ﬁu[ ':U ' U] D‘f‘rl T 1};1'1
— = | Akvum - FELE |
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Example

* (a): 2D image signal

¢ (b): fOr (a), perform (a) g(ni.n2) (b) G(k1.n2)
DFT horizontally o ——h__m o

» (C): for (b), perform |t SR
DFT vertically. Qi g

 (d): By using the o [COHHEEEEE |, AT A
periOdiCity of DFT, (©) Glh. k) e
put DC component at ;
the center.

(e) logio(l1+G(k1.k2)!)
2.17 1THSREIZ L B FFT HE6I




Comparison of Operation Number

FERE|x 107

n
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Sampling Effect

« Sampling generally gives signals distortions
(aliasing).



Sampling Theorem

« Theorem that give some condition to avoid
the effects of sampling



Sampling Theorem

* Fig.(a): 2D continuous signal’s bandwidth is limited
by angular frequency @m1 and 2m2. (No signal
exists outside of the limited bandwidth.)

* Fig.(b): Assume rectangular sampling, 2D discrete
signal has rectangular periodic spectrum.
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Sampling Theorem

E‘ﬁ] = ]-;;T‘H :} 2F1’Iﬂ1 ’ 75'3'!‘} -Fl.‘ig e ]-_.*"II_:‘::-._; } QFJ'??E

No overlap exists for spectrum.

« Theoretically it is possible to reconstruct
perfectly the original signal from sample
values by filtering.

Fy F,=1/T.,,
!;-g & QS £ g F, =1/T,
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iRUEH (Aliasing)
« By sampling without keeping sampling theorem,
the spectrums overlap and distort the

continuous signal. This distortion (overlap of
spectrums) is called aliasing.

(@) TAVTIo kL (b) TAYTI»THY

2.21 T ANT YT OREERL



Example

Jq (x,y) = cos(2mx + 4my)

Calculate the maximum sapling intervals Ts:
and Ts2to keep the sampling theorem.



Answer

 Since the spatial frequency is 1, 2
respectively in the x and y directions, the
minimum sampling frequencies are 2, and 4
and their corresponding sampling intervals Ts:
and Ts2 are Y2 and V4, respectively.



Basics of Multi-dimensional Filter

« Most of image processing perform filtering to
remove or enhance specific frequency
components.

« Today we will study about filtering in the
spatial domain and frequency domain.



Typical Signals

2 D sinusoidal wave signal

g(ni,ns) = Acos(wini + wang + 6)
2 D complex sinusoidal wave signal
g IZ Ny, 1o ] e ‘11 ﬁ_}“{ w11 +wosho )
2 D unit sample signal (2D unit impulse)
- : L. s = =)
el =8 = \ _”2
0, Dl
2 D unit step signal

; l:; mi =20 3D ps 20
u(nyg, no) ] _
0, <A



Typical Signals

» 2D unit sample signal (2D impulse signal)

” ) L. Wy e el
{

« 2D unit step signal

x Ly mi 20390y 210
u(ny, ng) _ _
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Continuous Delta Function o(t)

o 1 ™% [ o i, < SR e |:1.'
J[——- 0 \ f }f-'ilf =] Y. o |f f J i : { n
o | 0,t£0



Example

Represent impulse 6(n1,n2) by 2D unit step signal u(nl,n2).



Answer

ST S e 'tL{:TE-L'I'J.g';I — u(nq l,m9) —u{ng,no L) baikny = 1,00 — 1)



Example : Impulse Signal

« 2D image is a set of 2D impulse signals.

« Represent the following 2D images by using
impulse d(ny,N-).
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Answers

-

91 [i”'] 5"""’*13) S f'?'['ﬂ-l = s 'TE'E’.:}
g2(n1,Ms) = 26(ny — 2,15 — 1)

g(ni,n2) = 6(n1,n2) + 6(n1 — 1,n2) + 28(n; — 2,ng — 1)
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Representation of 2D Image by Impulse

* By generalization,

gl , e ) = Z Z glky, k2)o(ny — ki,ng — ko)

:_Lﬁld



Example Exercise

[FIZE 3.2] B33 DEFEA SV AFHWTEY.

= — T
0

Xl 3.3 Bl 3.2




Answer

glni,n2) =d(n1,nz) +4(n1 — 1,n2) +é6(n1,ne — 1) +8(n; — 1,n3 — 1)



Exercise Example

What is the signal given by
g(ny,n,) = 21?1=0 212 o(ny — ky,n, — ky)?



Answer

2D unit step signal u(n1,n2)



Separability of Signal

« If a 2D signal is represented by a product of
two 1D signals, it is called a separable signal.

« If not, it is called a non-separable signal.

g(ni,n2) = gi1(n1)ga(na)



Example : Separability of Signal

« Most general signal is non-separable.

« Are 2D unit impulse signal and 2D unit steps
signal separable?



Answer

gl
1]
1 = iR LEb] ] 2>
s > 714
: c/ gid) 0
gi(ny,nz) = o(ny) B
go(my,no) = d(nag)
o % ' . (a) g1(n1. n2)=o(ny) (b) ga(nq, na) = b(ny)

See the left figure.
Hence, d(ny,ng) = 6(nq1)d(neg)

2D unit step signal is also separable.



Example

« Is the signal in Fig. 3.5 separable or non-

separable?

=]

A

—> 711
0

X 3.5 f%E 3.4




Answer

1. T =4, - . mae=illl
0, Zoi 92\"2) =Y 0, #ofd
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g{ni,na) = g1(n1)ga(ng) LRI N L.
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